Abstract. In this article, we review the Weyl correspondence of bigraded spherical harmonics and use it to extend the Hecke-Bochner identities for the spectral projections f × ϕ
Introduction
Weyl correspondence is a natural question of asking about an operator analogue of the non-commutative polynomials on C n . Let λ ∈ R \ {0} and H be a separable Hilbert space. Let W 1 , . . . , W n , W Let z ∈ C n . For α, β ∈ N n and P (z) = z αzβ , define
The maps τ and τ ′ can be linearly extended to any polynomial on C n . In a long paper [5] , Geller prove that for any harmonic polynomial P , τ (P ) = τ ′ (P ). Using this, an analogue of Hecke-Bochner identity for the Weyl transform has been derived, (see [5] , p.645, Theorem 4.2).
A continuous function f on R n can be decomposed in terms of spherical harmonics as
where x = ρω, ρ = |x|, ω ∈ S n−1 and {Y kj (ω) : 1, 2, . . . , d k } is an orthonormal basis for the space V k of the homogeneous harmonic polynomials in n variables of degree k, restricted to the unit sphere S n−1 with the series in the right-hand side converges locally uniformly to f. However, for more details, see [13] .
The well know Heche-Bochner identity says that the Fourier transform of any piece in the above decomposition (1.1) is preserved, (see [13] ). That is, the Fourier transform ofãP k ∈ L 1 (or L 2 ), satisfies ãP k (x) =b(|x|)P k (x), where P k is a solid spherical harmonic of degree k. An analogue of the Hecke-Bochner identity for the spectral projections f × ϕ n−1 k for function f ∈ L 1 (or L 2 ), has been obtained, (see [14] , p.70). Using the Weyl correspondence of the spherical harmonics, we give a much simper proof of this result. Further, we extend this result for f ∈ L p (C n ) with 1 ≤ p ≤ ∞. As another application of the Weyl correspondence of the spherical harmonics, we prove that sphere S R (o) = {z ∈ C n : |z| = R} is a set of injectivity for the twisted spherical means (TSM) with real analytic weight, for the radial functions on C n . Since Laguerre function ϕ n−1 k is an eigenfunction of the special Hermite operator A = −∆ z + 1 4 |z| 2 with eigenvalue 2k + n, the projection f × ϕ n−1 k is also an eigenfunction of A with eigenvalue 2k + n. As A is an elliptic operator and eigenfunction of an elliptic operator is real analytic [6] , the projection f × ϕ n−1 k must be a real analytic function on C n . We derive an important real analytic expansion for the spectral projections f × ϕ
, which we call Hecke-Bochner-Laguerre series for spectral projection. In the complex plane, it is much simpler and it has been used in [10] , for proving a result that any Coxeter system of even number of lines is a set of injectivity for the twisted spherical means for L p (C) with 1 ≤ p ≤ 2. As an application of expansion for the spectral projections f × ϕ n−1 k , we have shown that any complex cone is a set of injectivity for the twisted spherical means for L p (C n ), 1 ≤ p ≤ 2 as long as it does not lay on the level surface of any bigraded homogeneous harmonic polynomial on C n . An analogous result has been proved for the Euclidean spherical mean over the class of continuous functions by Zalcman et al., see [2] .
Notation and Preliminaries
We define the twisted convolution which arises in the study of group convolution on Heisenberg group. The group H n , as a manifold, is C n × R with the group law (z, t)(w, s) = (z + w, t + s + 1 2 Im(z.w)), z, w ∈ C n and t, s ∈ R.
The group convolution of function f, g ∈ L 1 (H n ) is defined by
An important technique in many problem on H n is to take partial Fourier transform in the t-variable to reduce matters to C n . Let
be the inverse Fourier transform of f in the t-variable. Then a simple calculation shows that
Thus the group convolution f * g on the Heisenberg group can be studied using the λ-twisted convolution f λ × λ g λ on C n . For λ = 0, a further scaling argument shows that it is enough to study the twisted convolution for the case of λ = 1.
We need the following basic facts from the theory of bigraded spherical harmonics (see [14] , p.12 for details). We shall use the notation K = U(n) and M = U(n − 1). Then, S 2n−1 ∼ = K/M under the map kM → k.e n , k ∈ U(n) and e n = (0, . . . , 1) ∈ C n . LetK M denote the set of all equivalence classes of irreducible unitary representations of K which have a nonzero M-fixed vector. It is known that for each representation inK M has a unique nonzero M-fixed vector, up to a scalar multiple.
For a δ ∈K M , which is realized on V δ , let {e 1 , . . . , e d(δ) } be an orthonormal basis of V δ with e 1 as the M-fixed vector. Let t δ ij (k) = e i , δ(k)e j , k ∈ K and , stand for the innerproduct on V δ . By Peter-Weyl theorem, it follows that
. For our purpose, we need a concrete realization of the representations inK M , which can be done in the following way. See [8] , p.253, for details. For p, q ∈ Z + , let P p,q denote the space of all polynomials P in z andz of the form
Let H p,q = {P ∈ P p,q : ∆P = 0}. The elements of H p,q are called the bigraded solid harmonics on C n . The group K acts on H p,q in a natural way. It is easy to see that the space H p,q is K-invariant. Let π p,q denote the corresponding representation of K on H p,q . Then representations inK M can be identified, up to unitary equivalence, with the collection {π p,q : p, q ∈ Z + }.
Define the bigraded spherical harmonic by Y p,q
. Therefore, for a continuous function f on C n , writing z = ρ ω, where ρ > 0 and ω ∈ S 2n−1 , we can expand the function f in terms of spherical harmonics as
where the series on the right-hand side converges uniformly on every compact set K ⊆ C n . The functions a p,q j are called the spherical harmonic coefficients of f .
A review on the Weyl correspondence of spherical harmonics
In this section, we revisit the Weyl correspondence of the spherical harmonics. Then, we derive some important identities which describe the action of Weyl correspondence of a harmonic polynomial to the Lagurrue functions ϕ n−1 k 's. We use these identities to give a very short and simple proof of the Hecke-Bochner identities for the spectral projections. We would like to collect some of the preliminaries from the work of Geller [5] , where he has established the Weyl correspondence of the spherical harmonics.
Define the symplectic Fourier transform F on Schwartz space S(C n ) by
Let B(H) be the space of all bounded linear operators on H. Since the operator −i (−z.W + +z.W ) is essentially self-adjoint, therefore, we can define the operator analogue of function
The operator G is known as the Weyl transform. A composite operator W :
is the Weyl correspondence of f . We state the following results which are proved for the Weyl correspondence W of the spherical harmonics, (see [5] ). We use these results for proving our main results.
Lemma 3.1.
[5] If P is a harmonic polynomial then
Lemma 3.2.
[5] Let P, P 1 ∈ P p,q . Suppose there exist σ ∈ U(n) such that P = π(σ)P 1 , where π is an unitary representation of U(n). Then
on the dense subspace D of H.
Let us consider the following invariant differential operators which arises in study of the twisted convolution on C n .
Let P be a non-commutative homogeneous harmonic polynomial on C n with expression
Since P is harmonic, by Lemma 3.1, the operator P ( Z) is the Weyl correspondence W(P ) of P. Hence the operator P ( Z) can be expressed as
Next, we describe the action of operator P ( Z) to the Laguerre functions. For k ∈ Z + , the Laguerre functions ϕ n−1 k are defined by
|z| 2 ,
's are the Laguerre polynomials of degree k and order n − 1. In [5] , Geller had proved an analogue of the Hecke-Bochner identity for the Weyl transform of the type functionsãP ∈ L 1 (or L 2 ), which in turn gives an analogous result for the spectral projections, (see [7] ). That is, spectral projection of any type function is a type function. An application of the following identities gives a very simple proof of the Hecke-Bochner identity for the spectral projections.
if k ≥ p and 0 otherwise.
Proof. We have
For z ∈ C n , let z.z = 2t. By chain rule
. Therefore,
t .
Since, the Laguerre's polynomials L n k 's satisfy the recursion relations
Therefore, we can write Z *
Thus, we have Z *
Hence, by induction, we can conclude that
The identities (3.1) has been used in an article [9] for proving a result that any sphere centered at the origin is a set of injectivity for the weighted twisted spherical means on C n . In this article, we generalize the identities (3.1) for an arbitrary bigraded spherical harmonic P ∈ H p,q . We further extend the identities (3.1) for generalized Laguerre functions.
We use Lemma 3.3 to deduce the following identities which have been used frequently. For λ ∈ R \ {0}, let ϕ
Proof. Using the scaling argument, it is enough to prove these identities for the cases λ = ±1. For λ = 1, we claim
We use the fact that any irreducible representation of a group is cyclic [11] . Since H p,q is an irreducible representation of U(n), it follows that every non-zero element of H p,q is a cyclic vector. Let P 1 (z) = z p 1z q 2 ∈ H p,q . Then any P ∈ H p,q can be written as
Since W is a linear operator, without loss of generality, we can assume that P = π(σ)P 1 . In view of Lemma 3.2, we can write
is U(n)-invariant, by Lemma 3.1, we have
An application of Lemma 3.3 gives
It is clear from the above computation and Lemma 3.3 that the proof for the case λ = −1 is similar and hence we omit it here.
Alternative proof: In the above proof, Lemma 3.2 played a crucial role. However, we give an alternative proof of the identities (3.3) without using Lemma 3.2. Since the symplectic Fourier transform F is invariant under U(n) action, it follows that
That is,
where δ is Dirac distribution at the origin. Since, we know that z j δ = 0 =z j δ, we can write P ( Z)δ = π(σ)P 1 ( Z)δ. For more detail, see Geller [5] , p. 625. Denote
Im(z.w) . Then, it follows that τ z T δ = 0 on
These identities are quite useful and lead to a very short and simple proof of the Hecke-Bochner identity for the spectral projections f × ϕ [14] , p.70). Using the identities (3.3), we prove that the boundary of any bounded domain is a set of injectivity for certain weighted twisted spherical means for the radial functions on C n .
, whereã is a radial function and P ∈ H p,q . Then
if k ≥ p and 0 otherwise. The convolution in the right hand side is on the space C n+p+q .
Proof. Since the Laguerre functions ϕ
+ , r 2(n+p+q)−1 dr , therefore, we can expressã as
An application of the identities (3.3) for λ = 1 gives
Let j ≥ p. Convolve both sides of the above equation by ϕ n−1 j
. Then, using the fact that P ( Z) is a left invariant operator, we can writẽ
Since the Laguerre functions satisfy the orthogonality conditions ϕ
is dense in L r (C n ) for 1 ≤ r < ∞, therefore, the identities (3.5) can be extended for f ∈ L r (C n ). However, for functions in L ∞ (C n ), we use the weighted functional equations for spherical function ϕ n−1 k . The weighted functional equations can be obtained by considering the HeckeBochner identity for the spectral projection of compactly supported functions. For more details, see [14] , p. 98.
Lemma 3.6. [14]
For z ∈ C n , let P ∈ H p,q and dν t = P dµ t . Then
if k ≥ q and 0 otherwise.
Following result is an extension of the Hecke-Bochner identities for the spectral projections for function f ∈ L r (C n ) with 1 ≤ r ≤ ∞.
whereã is a radial function and P ∈ H p,q . Theñ ×ãP (z). Let dν t =P dµ t . By polar decomposition, we can writẽ
In view of Lemma 3.6, the above equation can be written as
where γ = n + p + q. By taking the complex conjugate of both sides, we get
This completes the proof of the theorem.
Remark 3.8. From (3.6), we observe that the identities (3.5)can be extented for more general class of functions. An easy example is whenã to be a polynomial.
Since the integral in the right-hand side of (3.6) exists, even whenã is a radial tempered distribution, therefore, it is a feasible question to prove the identities (3.5) for f to be a tempered distribution, which we leave open for the time being.
As another application of the identities (3.3), we prove that the boundary of any bounded domain is a set of injectivity for certain weighted twisted spherical means, for the radial functions on C n . The weights here are spherical harmonics on S 2n−1 . We use this to prove that sphere S R (o) is a set injectivity for the twisted spherical means with real analytic weight, for the radial functions on C n . Since this article is more concerned about Weyl correspondence and its applications, therefore, we skip here to write more histories of sets of injectivity for the twisted spherical means. We would like to refer [1, 7, 9, 10, 12] .
In order to prove these results, we need the following result by Filaseta and Lam [4] , about the irreducibility of the Laguerre polynomials. Define the Laguerre polynomials by
where k ∈ Z + and α ∈ C.
Theorem 3.9.
[4] Let α be a rational number, which is not a negative integer. Then for all but finitely many k ∈ Z + , the polynomial L α k (x) is irreducible over the field of rationals.
Using Theorem 3.9, we have obtained the following corollary about the zeros of the Laguerre polynomials. Proof. By Theorem 3.9, there exists k o ∈ Z + such that L n−1 k 's are irreducible over Q whenever k ≥ k o . Therefore, we can find polynomials
Since this identity continue to hold on R, it follows that L n−1 k 1 and L n−1 k 2 have no common zero over R.
In order to prove Lemma 3.12, we also need the following lemma from [14] about the spectral projections of a radial function.
Thus f can expressed as
Let ∂Ω be the boundary of a bounded domain Ω in C n . Let µ r be the normalized surface measure on the sphere S r (o) = {z ∈ C n : |z| = r} in C n . For P ∈ H p,q , write dν r = P dµ r .
Lemma 3.12. Let f be a radial function on C n such that e 1 4
Proof. Given that f ×ν r (z) = 0, ∀ z ∈ ∂Ω and ∀ r > 0. By polar decomposition, we can write
whenever z ∈ ∂Ω and k ≥ q. Let ϕ ǫ be a smooth, radial compactly supported approximate identity on
Since ϕ ǫ is radial, by Lemma 3.11, we can write
By Lemma 3.6, it follows that f × ϕ ǫ × ν r (z) = 0, ∀ k ≥ q and ∀ z ∈ ∂Ω. Thus, without loss of generality, we can assume f ∈ L 2 (C n ). We use the identities (3.3) for λ = −1. Let
Then the set {I,Ã j ,Ã * j : j = 1, 2, . . . , n} generates the space of all the right invariant differential operators for twisted convolution on C n . Using Theorem 3.4 for λ = −1, we get
if k ≥ q and 0 otherwise. In view of the identities (3.8) and the fact that P (Ã) is a right invariant operator, equation (3.7) gives
Since f is radial, by Lemma 3.11, f × ϕ
Once again using the identities (3.8), we can write
whenever z ∈ ∂Ω and k ≥ q. Since P is a non zero harmonic polynomial, therefore, by the maximal principle for harmonic function, P can not vanish on ∂Ω. Thus,
whenever z ∈ ∂Ω and k ≥ q. Since ϕ
is radial, we have two cases. First, when ∂Ω is a sphere centered at the origin. Let ∂Ω = {z ∈ C n : |z| = R}. In view of Corollary 3.10, the functions ϕ n+p+q−1 k−p 's can not have a common zero except for finitely many k ∈ Z + with k ≥ q. Thus, there exists some
Hence f is a finite linear combination of ϕ n−1 k 's. By the given decay condition on f , we conclude that f = 0 a.e. on C n . On the other hand, when ∂Ω is of non-constant curvature (or sphere off centered the origin), we reach to the conclusion that
whenever R ∈ (a, b) with a < b and k ≥ q. This is possible only if f, ϕ n−1 k = 0, ∀ k ≥ q. Thus, we infer that f = 0 a.e. on C n .
Using Lemma 3.12, we prove the following partial result for injectivity of the TSM with real analytic weight. Let g be a real analytic function on C n . Let dν r = gdµ r and S R (o) = {z ∈ C n : |z| = R}.
Theorem 3.13. Let f be a radial function on C n such that e 1 4
Proof. By the given conditions, we have f ×gµ r (z) = 0, ∀ z ∈ S R (o) and ∀ r > 0. Since g is continuous, its spherical harmonic components can be expressed as
As f is a radial function, we can write
for all z ∈ S R (o) and ∀ r > 0. Since, each of the component g lm of g can also be expressed as g lm (z) =ã lm (|z|)P (z), where P ∈ H p,q . Therefore, it follows that a lm (r)f × P µ r (z) = 0, ∀ z ∈ S R (o) and ∀ r > 0. Sinceã lm is real analytic, by Lemma 3.12, we conclude that f = 0 a.e. on C n .
We observe that the similar identities as to the identities (3.3) continue to work for the generalized Laguerre functions, (see [3] ). These are the eigenfunctions of the special Hermite operator, (see [1] ). Let C ♯ = {a ∈ C : −a / ∈ Z + , ℜ(a) < 1}. The formal expansion of the generalized Laguerre function is
where a s = a(a
The following properties as similar to the Laguerre polynomial L n−1 k , continue to hold for the generalized Laguerre functions M n−1 a 's.
We use the above lemma to prove an analogue of the identities (3.3) for the generalized Laguerre functions ϕ with eigenvalue −2a + n. For the sake of simplicity, we prove the result for the case λ = 1.
Proof. The proof of Lemma 3.15 is quite similar to the proof of Lemma 3.3 and hence we omit it here. |z| 2 as |z| → ∞, (see [1] ). This shows that we can not use Lemma 3.2 to generalize Lemma 3.15 for an arbitrary P ∈ H p,q . However, as the proof is based on the process of point wise differentiation and multiplication, it is enough to prove the identity (3.9) for each compact set in C n . (b). Let f (z) =ã(|z|)P (z), where P ∈ H p,q . Suppose f satisfies the condition f (z)e is also an eigenfunction of A with eigenvalue −2a + n. As A is an elliptic operator and eigenfunction of an elliptic operator is real analytic [6] , the function f × ϕ n−1 a must be a real analytic function on C n .
A real analytic expansion of the spectral projections
In this section, we derive a real analytic expansion for the spectral projections
For n = 1, we have given its proof in [10] , which is much simpler and used for proving some injectivity results for the twisted spherical means on C. A non-empty set C ⊂ C n (n ≥ 2) satisfying λC ⊆ C, for all λ ∈ C is called a complex cone. Using expansion of the spectral projections, we have shown that any complex cone C is a set of injectivity for the twisted spherical means for L p (C n ), 1 ≤ p ≤ 2 if and only if C P −1 s,t (0), ∀ s, t ∈ Z + . We need the following result about an estimate of the bi-graded spherical harmonics.
Proof. Let ω ∈ S 2n−1 . Then Y p,q can be expressed as
It has been shown in [14] , p.66 that
Since H p,q is a finite dimensional space and the fact that all norms on a finite dimension space are equivalent, we get the following estimate for the bigraded spherical harmonics.
By a simple computation, it can be shown that d(p, q) ≤ C(p + q + 1) n−1 , which gives the result.
is real analytic and its real analytic expansion can be written as
Proof. We can write the spherical harmonic decomposition of function f as
Since f ∈ L 2 (C n ) and set ϕ
In view of the identities (3.3) for λ = 1, we havẽ
From (4.2) and orthogonality relations ϕ
, we conclude that
Now, look at the following concrete expression for the spectral projections as
where the series on the right-hand side converges to Q k in L 2 (C n ). Since spaces H p,q 's are orthogonal among themselves, it follows that
Thus from (4.4), we get an estimate
Using Lemma 4.1, we can write
In order to prove that the series (4.1) converges uniformly on each compact set K ⊆ C n , it is enough to prove that the series
converges uniformly over each ball B R (o) ∈ C n , where m = n + k − 2p + 2 and
|z| 2 .
Let |z| ≤ R. Then we can write
By a straightforward calculation we get lim q→∞ b q+1 bq = 0 < 1. Hence each of the function h p is real analytic on C n . That is, the right-hand side of (4.1) is a real analytic function which agreeing to the real analytic function Q k a.e. on C n . Hence (4.1) is a real analytic expansion of Q k .
Remark 4.3. (a). Since the spectral projections
, it is feasible to ask the question of finding a real analytic expansion for Q k as similar to (4.1).
(b). Let f ∈ L 2 (C n ) and for each k ∈ Z + , the projection e The space consists of functions f is much larger than U(n)-finite functions in L 2 (C n ). For this class of functions, we can ask the following question. Does Q k (z) = 0, for all z ∈ C n−1 × R and ∀ k ∈ Z + , implies f = 0 a.e. on C n ? This question for the case n = 1, is simpler and has been done by equating the highest degree term of e 1 4 |z| 2 Q k to zero, (see [10] , Theorem 3.4).
Using expansion (4.1) for the spectral projections, we deduce the following result.
Suppose f × µ r (z) = 0, ∀ z ∈ C and ∀ r > 0. Then f = 0 a.e. on C n if and only if C P −1 s,t (0), ∀ s, t ∈ Z + . Proof. Since f ∈ L p (C n ), 1 ≤ p ≤ 2, therefore, by convolving f with a right and radial compactly supported smooth approximate identity, we can assume f ∈ L 2 (C n ). Given that f × µ r (z) = 0, ∀ z ∈ C and ∀ r > 0. By polar decomposition, we can write ∀ z ∈ C and ∀ k ∈ Z + . Since cone C is closed under complex scaling, therefore, for z ∈ C, it implies re iθ z ∈ C, for all r > 0 and θ ∈ R. Thus,
r s+t e i(s−t)θ P k s,t (z)ϕ n+s+t−1 k−s (rz) = 0, ∀ r > 0 and ∀ θ ∈ R. Since Q k is real analytic in r, therefore by equating the coefficients of 1, r, r 2 , . . . to zero, we conclude that (4.7)
s+t=α, s≤k n + k + t − 1 k − s e i(s−t)θ P k s,t (z) = 0, ∀ α ∈ Z + . Using the fact that set {e iβθ : β ∈ Z} form an orthogonal set and the sum vanishes over each of the diagonal s + t = α, s ≤ k, it follows that P k s,t (z) = 0, for all s ≤ k and t ∈ Z + . Since the equation (4.7) is valid for each k ∈ Z + . Therefore, we infer that for z ∈ C, the projections Q k (z) = 0, ∀ k ∈ Z + if and only if P s,t (z) = 0, for all s, t ∈ Z + . This forces Q k ≡ 0, ∀ k ∈ Z + if and only if C P −1 s,t (0), ∀ s, t ∈ Z + . As f ∈ L 2 (C n ), we can expand f in terms of its spectral projections as , where series in the right hand side converges in L 2 (C n ). This is known as the special Hermite expansion, (see [14] , p.58). Hence in view of (4.8), we reach to the conclusion that f = 0 a.e. on C n if and only if C P −1 s,t (0), ∀ s, t ∈ Z + . Remark 4.5. We have observed that Proposition 4.4 works for the class of all continuous functions on C n . However, proof for the class of continuous functions is different than that of L p (C n ), 1 ≤ p ≤ 2, because the expansion (4.1) is valid only for the functions in L 2 (C n ). Hence, its proof would be presented in full detail elsewhere.
